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Abstract. Let L be a Galois extension of a countable Hilbertian 
field K. Although L need not be Hilbertian, we prove that an 
abundance of large Galois subextensions of Lj K are. 



1. Introduction 

Hilbert's irreducibility theorem states that if K is a number field and 
/ £ K[X, Y] is an irreducible polynomial that is monic and separable 
in Y, then there exist infinitely many a £ K such that f(a, Y) £ K[Y] 
is irreducible. Fields K with this property are consequently called 
Hilbertian, cf. @], |], [ID]. 

Let K be a field with a separable closure K s , let e > 1, and write 
Gal(i^) = Gal(K s /K) for the absolute Galois group of K. For an 
e-tuple cr = (<ji, . . . , <r e ) £ Gal(i^) 6 we denote by 

[<t]k = (crj, | v — 1, . . . , e and r £ Gal(if)) 

the closed normal subgroup of Gal(ZT) that is generated by cr. For an 
algebraic extension L/K we let 

L[cr]# = {a £ L | a T = a, Vr £ [cr] x } 

be the maximal Galois subextension of L/K that is fixed by each a u , 
v = 1, . . . , e. We note that the group [cr] Kl and hence the field L[er] K , 
depends on the base field K. 

Since Gal(A') e is profinite, hence compact, it is equipped with a 
probability Haar measure. In [7] Jarden proves that if K is countable 
and Hilbertian, then K s [(t}k is Hilbertian for almost all cr £ Gal(i^) 6 . 
This provides a variety of large Hilbertian Galois extensions of K. 

Other fields of this type that were studied intensively are the fields 
Ktot^i^Ki where K is a number field, S is a finite set of primes of 
K, and K tott g is the field of totally 5-adic numbers over K - the 
maximal Galois extension of K in which all primes in S totally split; 
see for example [6] and the references therein for recent developments. 
Although the absolute Galois group of K tott s[cr}K was completely de- 
termined in loc. cit. (for almost all cr), the question whether K tot ^[c]K 
is Hilbertian or not remained open. Note that if cr = (1, . . . , 1), then 

K^sW\k = Ktot,s is not Hilbertian, cf. [3]. 

l 
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The main objective of this study is to prove the following general 
result, which, in particular, generalizes Jarden's result and resolves the 
above question. 

Theorem 1.1. Let K be a countable Hilbertian field, lete>l, and let 
L/K be a Galois extension. Then L[<t]k is Hilbertian for almost all 
a G Gal(iT) e . 

Jarden's proof of the case L = K s is based on Roquette's theorem [U 
Corollary 27.3.3] and Melnikov's theorem jU Theorem 25.7.5]: Jarden 
proves that for almost all cr, the countable field K s [cr} K is pseudo alge- 
braically closed. Therefore, by Roquette, K s [cr] K is Hilbertian if [cr] K 
is a free profinite group of infinite rank. Then Melnikov's theorem is 
applied to reduce the proof of the freeness of [<t]k to realizing simple 
groups as quotients of [&\k- 

However, L\o\k is not pseudo algebraically closed for most L (e.g. for 
L = Ktot.Si whenever S ^ 0). Thus, it seems that Jarden's proof cannot 
be extended to such fields L. Our proof utilizes Haran's twisted wreath 
products approach [5]. We can apply this approach whenever L/K has 
many linearly disjoint subextensions (in the sense of Condition \Ck 



below). A combinatorial argument then shows that in the remaining 
case, L[(t]k is a small extension of K, and therefore also Hilbertian. 

2. Small extensions and linearly disjoint families 

Let K C K\ C L be a tower of fields. We say that L/Ki satisfies 
Condition \Ck\ if the following holds: 



There exists an infinite pairwise linearly disjoint family of fi- 
\£k) nite proper subextensions of L/K\ of the same degree and Ga- 
lois over K . 



If a Galois extension satisfies Condition Ck then one can find lin 



early disjoint families of subextensions with additional properties: 

Lemma 2.1. Let (Mj)j be a pairwise linearly disjoint family of Galois 
extensions of K and let E/K be a finite Galois extension. Then Mj is 
linearly disjoint from E over K for all but finitely many i. 

Proof. This is clear since E/K has only finitely many subextensions, 
cf. [U Lemma 2.5] and its proof. □ 

Lemma 2.2. Let K C K\ C L be fields such that L/K is Galois, 
Ki/K is finite and L/K\ satisfies Condition \Ck\ Let Mq/Kx be a 



finite extension, and let d > 1 . Then there exist a finite group G with 
\G\ > d and an infinite family (Mj) i>0 of subextensions of L/K\ which 
are Galois over K such that GaX(Mi/Ki) = G for every i > and the 
family (Mj)j>o is linearly disjoint over K\. 

Proof. By assumption there exists an infinite pairwise linearly disjoint 
family (Ni) i>0 of subextensions of L/Ki which are Galois over K and of 
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the same degree n > 1 over K\ . Iterating Lemma 12.11 gives an infinite 
subfamily (N-) i>0 of (A^)j >0 such that the family M , (N-) i>0 is linearly 
disjoint over K\. If we let 

M[ = N' d N> d+l ■ ■ ■ N' d+d ^ 

be the compositum, then the family Mo, (Mj')j>o is linearly disjoint over 
Ki, and [M- : K\] = n d > d for every i. Since up to isomorphism there 
are only finitely many finite groups of order n d , there is a finite group 
G of order n d and an infinite subfamily (Mj)j>o of (Mj')j>o such that 
GaXiMi/K^ G for all i > 0. □ 

Lemma 2.3. Let K C Kx C K 2 (1 L be fields such that L/K is 
Galois, K 2 /K is finite Galois andL/Ki satisfies Conditio ner Then 
also L/K 2 satisfies Condition \C K \ 

Proof. By Lemma 12.21 applied to M = K 2 , there exists an infinite 
family (Mj) i>0 of subextensions of LjK\ which are Galois over K, of 
the same degree n > 1 over K\ and such that the family K 2 , (Mj)j>o 
is linearly disjoint over K v Let M[ = MiK 2 . Then [M- : K 2 \ = [Mi : 
K\] = n, M[jK is Galois, and the family (Mj')j>o is linearly disjoint 
over K 2 , cf. [U Lemma 2.5.11]. □ 

Recall that a Galois extension L/K is small if for every n > 1 there 
exist only finitely many intermediate fields K C. M C. L with [M : if] = 
ri. Small extensions are related to Condition |£xl by Proposition 12.51 



below, for which we give a combinatorial argument using Ramsey's 
theorem, which we recall for the reader's convenience: 

Proposition 2.4 ([HI Theorem 9.1]). Let X be a countably infinite set 
andn, fceN. For every partition = U* =1 5^ of the set of subsets of 
X of cardinality n into k pieces there exists an infinite subset Y C X 
such that C /or some i. 

Proposition 2.5. Let L/K be a Galois extension. If there exists no 
finite Galois subextension K\ of L/K such that L/K\ satisfies Condi- 
tion\£x\ then L/K is small. 

Proof. Suppose that L/K is not small, so it has infinitely many subex- 
tensions of degree m over K, for some m > 1. Taking Galois closures 
we get that for some 1 < d < ml there exists an infinite family T of 
Galois subextensions of L/K of degree d: Indeed, only finitely many 
extensions of K can have the same Galois closure. 

Choose d minimal with this property. For any two distinct Galois 
subextensions of L/K of degree d over K their intersection is a Galois 
subextension of L/K of degree less than d over K, and by minimality 
of d there are only finitely many of those. Proposition 12.41 thus gives a 
finite Galois subextension K\ of L/K and an infinite subfamily J'C J 
such that for any two distinct M\, M 2 e J 7 ', M\ D M 2 = K\. Since any 
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two Galois extensions are linearly disjoint over their intersection, it 
follows that L/K\ satisfies Condition \C K \ □ 

The converse of Proposition 12.51 holds trivially. The following fact 
on small extensions will be used in the proof of Theorem 11.11 

Proposition 2.6 ([U Proposition 16.11.1]). If K is Hilbertian and 
L/K is a small Galois extension, then L is Hilbertian. 



3. Measure theory 

For a profinite group G we denote by hg the probability Haar mea- 
sure on G. We will make use of the following two very basic measure 
theoretic facts. 

Lemma 3.1. Let G be a profinite group, H < G an open subgroup, 
Ei, . . . , Sfc C H measurable fin -independent sets, and S C G a set of 
representatives ofG/H. 

Let £* = [J 9gS , (yfSj. Then £*, ...,££ are nc-independent. 

Proof. Let n = [G : H]. Then for any measurable X C H we have 
Hh(X) = nuc^X). Since G is the disjoint union of the cosets gH, for 
g G S, we have that 

Mg(S-) = ^2ii G (gT,i) = n// G (Si) = 

and 

a*o ( n em = e ^ ( n ^ ) = n ^ ( n s * 

\i=l / geS \i=l / \i=l 

(fc \ fc fc 

pis, = n ^ <s*) = n A*© (x?) , 

i=l / i=l i=l 

thus E*, . . . , Ej£ are /i^-independent. □ 

Lemma 3.2. Let (fi, pi) be a measure space. For each i > 1 let C .B, 
6e measurable subsets of Q. If /x(A) = ^{Bi) for every % > 1, then 

KUZiAi) = MZi Bi). 

Proof. This is clear since 

' oo \ / oo \ oo 

\JbA x MJaJ c|J(^xA), 

^i=l / \i=l / i=l 

and n(Bi \ Aj) = for every z > 1 by assumption. □ 
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4. Twisted wreath products 

Let A and G\ < G be finite groups together with a (right) action of 
G\ on A. The set of Gi-invariant functions from G to A, 

\nd G Gi {A) = {f:G^A \ f{ar) = f{a)\ Vcr G GVr G G{\ , 

forms a group under pointwise multiplication. Note that lnd Gl (A) = 
^[G:Gi]_ rj^g g roU p q ac t s on Indg 1 (A) from the right by / CT (r) = 
/(err), for all <r, r G G. The twisted wreath product is defined to 
be the semidirect product 

A? Gl G = Ind^(A) x G, 

cf. [H Definition 13.7.2]. Let it: Ind Gl (^4) — > A be the projection given 
by tt(/) = /(l). 

Lemma 4.1. Let G = G± x G 2 be a direct product of finite groups, 
let A be a finite G\-group, and let I = Ind^ (A). Assume that IG2I > 
T/ien t/zere exists ( G / suc/i t/iat /or even/ 01 G Gi, t/ie normal 
subgroup N of A\q 1 G generated by r = (£, (#1, 1)) satisfies ir(NC\I) = 
A. 

Proof. Let A = {ai, . . . ,a n } with ai = 1. By assumption, |G 2 | > n., 
so we may choose distinct elements hi, . . . , h n G G 2 with h\ — l. For 
(g, h) G G we set 



CM) 



af , ii h = hi for some i 



1, otherwise. 

Then £ G /. Since Gi and G 2 commute in G, for any h G G2 we have 

rr- /l = C«i(C«i)-" = C«i • g?C h = CC h eNni. 

Hence, 

a" 1 = o^-^CWCW^^ll) 



rr 



-hi 



)(1) = 7r(rr -fti ) G 7r(JVn J). 



We thus conclude that A = tt(N n I), as claimed. □ 

Following [5] we say that a tower of fields 

ifC£'C£C#CiV 

realizes a twisted wreath product A ? Gl G if N/K is a Galois exten- 
sion with Galois group isomorphic to A Ig 1 G and the tower of fields 
corresponds to the subgroup series 

A l Gl G > Ind^ (A) x Gi > Ind^(A) > ker(Tr) > 1. 
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In particular we have the following commutative diagram: 

Gal(N/E) -^Indg^A) 

res tt 

Gal{N/E) — A. 

5. HlLBERTIAN FIELDS 

We will use the following specialization result for Hilbertian fields: 

Lemma 5.1. Let K\ be a Hilbertian field, let's. = (a?i, . . . ,Xd) be a finite 
tuple of variables, let ^ g(x) G A'i[x], and consider field extensions 
M, E,Ei,N of K\ as in the following diagram. 

M ME 1 MEi (x) MN 

K x E E x ^(x) N 

Assume that E,Ex,M are finite Galois extensions of K\, E — E\ C\M, 
N is a finite Galois extension of Ki(x) that is regular over Ei, and let 
y G N. Then there exists an Ei-place tp of N such that b = y?(x) and 
(p(y) are finite, g{b) ^ 0, the residue fields of K\{x), Ei{x,y) and N 
are K\, Ei(ip(y)) and N, respectively, where N is a Galois extension 
of Ki which is linearly disjoint from M over E, and Gal(N/Ki) = 
GaX{N/Kx(y:)). 

Proof. Ei and M are linearly disjoint over E, and N and ME\ are 
linearly disjoint over E\. We thus get that M and N are linearly 
disjoint over E. Thus N is linearly disjoint from M(x) over E(x), so 
iVnM(x) = E{x). 

For every b G Kf there exists a Ai-place (pb of -f^i(x) with residue 
field K\ and <^b( x ) = b. It extends uniquely to ME\(x.), and the 
residue fields of M(x) and -E'i(x) are M and E±, respectively. 

Since K\ is Hilbertian, by [U Lemma 13.1.1] (applied to the three 
separable extensions Ei(x.,y), N and MN of ifi(x)) there exists b G 
Kf with g(b) ^ such that any extension tp of p^ to MN satisfies 
the following: (p(y) is finite, the residue field of Ei(x.,y) is Ei(<p(y)), 
the residue fields MN and iV of MN and N, respectively, are Galois 
over Ki, and <p induces isomorphisms Gal(iV/ K\{x)) = Gal(N/Ki) 
and Gal(MN/Ki(x)) ^ G&\(MN/K X ). 

By Galois correspondence, the latter isomorphism induces an isomor- 
phism of the lattices of intermediate fields of MN j K\ (x) and MN jK\. 
Hence, N D M(x) = E(x) implies that N D M = E, which means that 
iV and M are linearly disjoint over E. □ 

We will apply the following Hilbertianity criterion: 
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Proposition 5.2 ([5J Lemma 2.4]). Let P be a field and let x be tran- 
scendental over P. Then P is Hilbertian if and only if for every ab- 
solutely irreducible f G P[X, Y], monic in Y , and every finite Galois 
extension P' of P such that f(x,Y) is Galois over P'(x), there are 
infinitely many a G P such that f(a, Y) G P[Y] is irreducible over P' . 

6. Proof of Theorem 11.11 

Lemma 6.1. Let K C K\ C L be fields such that K is Hilbertian, L/K 
is Galois, K\/K is finite Galois, and L/K\ satisfies Condition \Ck\ 
Let e > 1, let f G Ki[X, Y] be an absolutely irreducible polynomial 
that is Galois over K S (X) and let K[ be a finite separable extension 
of K\. Then for almost all a G Gal(Ki) e there exist infinitely many 
a G L[cr} K such that f(a,Y) is irreducible over K[ ■ L[cr] K . 

Proof. Let E be a finite Galois extension of K such that K[ C E and / 
is Galois over E(X) and put G\ = Gal(E/Ki). Let x be transcendental 
over K and y such that f(x,y) = 0. Let F' = Ki(x,y) and F = 
E(x, y). Since f(X, Y) is absolutely irreducible, F' jK\ is regular, hence 
Gal(F/F') = G v Since f(X,Y) is Galois over E{X), F/K^x) is 
Galois (as the compositum of E and the splitting field of f(x, Y) over 
K x (x)). Then A = Ga\(F/E(x)) is a subgroup of Gal(F/ K^x)), so 
G\ = Gal(F/F') acts on A by conjugation. 



A 

K^—Eix) 

Since LjK\ satisfies Condition \£k\ by Lemma [2T2l applied to Mo = E, 
there exists a finite group Gi with d := | G* 2 1 > |^4| and a sequence 
[E'^iyQ of linearly disjoint subextensions of L/Ki which are Galois 
over K with GaX{E'J K{) = G 2 such that the family E, (i^')i>o is lin- 
early disjoint over K\. Let E^ = EE[. Then Ei/K is Galois and 
GsJL(Ei/Ki) = G := Gi x G 2 for every i. 

Let x = (x±, . . . , Xd) be a <i-tuple of variables, and for each % choose 
a basis wn, . . . , of E'JK\. By [3, Lemma 3.1], for each i we have a 
tower 

(2) ^(x) C ^(x) C ^(x) C Ni C Ni 

that realizes the twisted wreath product AIq 1 G, such that Ni is regular 
over Ei and Ni = E^x)^), where irr^, ^(x)) = f(Yf u=1 w iv x v ,Y). 

We inductively construct an ascending sequence of positive 

integers and for each j > 1 an E^ -place tpj of N. such that 

(a) the elements aj := Ylt=i w i J y ( Pj{ x u) G E[. are distinct for j > 1, 
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(b) the residue field tower of (j2J), for i = ij, under ipj, 

(3) Kx C E[. C Ey C C , 

realizes the twisted wreath product Ad G and . is generated 
by a root of /(a,-, F) over Ey, 

(c) the family (M i .) c *L l is linearly disjoint over P. 

Indeed, suppose that . . . , ij-x and <^i, . . . , fj-x are already con- 
structed and let M = ■ • • M i ._ 1 . By Lemma 12.11 there is ij > ij^x 
such that E[. is linearly disjoint from M over Kx- Thus, Ey is linearly 
disjoint from M over E. Since A is Hilbertian and Kx/K is finite, Kx 
is Hilbertian. Applying Lemma [5.11 to M, E, E ip N ip and gives 
an Pj -place ^ of A^ such that (b) and (c) are satisfied. Choosing g 

suitably we may assume that aj = <Pj(^2v=x w yv x v) & • • • > a j-i}> 
so also (a) is satisfied. 

We now fix j and make the following identifications: Gal(Mj./Ai) = 
A l Gl G = I x (Gi x G 2 ), Gal^/P*.) = I, GaX(M ij /E ij ) = A. The 
restriction map Ga\(M i ./E ij ) — > Gal(Mj./Pj.) is thus identified with 
Ti : A l Gl G ->• A, and Gal(M^ /M^.) = ker(7r). Let C G / := Ind^(A) 
be as in Lemma [4.11 and let £j be the set of those er G Gal(Ai) 6 such 
that for every z/ G {1, . . . , e}, ovL-y = (£, (<M, 1)) G / x (G\ x G 2 ) for 

some (7^1 G Gi. Then the normal subgroup A generated by 0"|>v, in 

Gal(Mi./A'i) satisfies 7r(A n /) = A 

Now fix er = (ax, • • • , cr e ) G Sj and let P = L[ct]k and Q = A^fcr]^. 
Then 

P = L n K s [a] K C A s [<r ] a' C A s [o-] Xl = Q. 

Since P-_. is fixed by cr„, z/ = l,...,e, and Galois over A, we have 
E[. CPCQ. Thus Oj G P and P^G; = EQ. Therefore, since My is 
generated by a root of f(aj, y) over P, ., we get that MiQ is generated 
by a root of /(a,-, Y) over PQ. 

Q Ey Q My Q My Q 

My n Q — (M b . n Q)Pi, (My n G).\/,. — ^ : U, 

jv 

' ker(-7r) 

Ei. Mi. " 

l 3 JX l J 

The equality A = Ga\(My/My n Q) gives 

Gal(MyQ / MyQ) GaX(My/(My n Q)M irf ) = A n ker(vr) 
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and 

GaX(M ij Q/E i .Q) = Gal(M i ./(M i . n Q)E ij ) = N n L 
Therefore, 

GaliM^Q/Ei-Q) = (N D I)/(N n ker(Tr)) = tt(N n I) = A. 

Since |A| = deg y /(X, Y) = deg f (a j,Y), we get that f(a,j,Y) is ir- 
reducible over EQ. Finally, we have K[P C EP C PQ, therefore 
f(a,j,Y) is irreducible over K[P. 

It suffices to show that almost all cr £ Gal(i^i) 6 lie in infinitely many 
Tij. Since, by (c), the family (M ij )jL 1 is linearly disjoint over E, the 
sets Sj are independent for /x = /iGai(Xi) e (Lemma l3.ip . Moreover, 

does not depend on j, so ^JliM^i) = 00 • ^ follows from the Borel- 
Cantelli lemma [H Lemma 18.3.5] that almost all cr £ Gal(PJx) e lie in 
infinitely many cr £ □ 

Proposition 6.2. Let K Q K\ Q L be fields such that K is countable 
Hilbertian, L/K is Galois, K\/K is finite Galois and L/K\ satisfies 
Condition \Ck\ Let e > 1. Then L[<j\k is Hilbertian for almost all 
cr £ Gal^f. 

Proof. Let T be the set of all triples (K2, K' 2 , f), where K 2 is a fi- 
nite subextension of L/K\ which is Galois over K, K 2 /K 2 is a finite 
separable extension (inside a fixed separable closure L s of L), and 
f(X,Y) £ K 2 [X, Y] is an absolutely irreducible polynomial that is 
Galois over K S (X). Since K is countable, the family T is also count- 
able. If (K 2 ,K 2 ,f) £ J 7 , then AT 2 is Hilbertian (H Corollary 12.2.3]) 
and L/K 2 satisfies Condition \Ck\ (Lemma 12731) . hence Lemma loTTl gives 
a set E'^ K , ~ C Gal(PJ 2 ) e of full measure in Gal(i^ 2 ) e such that for 
every cr £ S'^ ^ ^ there exist infinitely many a £ L[cr]^ such that 
f(a, Y) is irreducible over K 2 ■ L[<t]k- Let 

^ { K 2 ,K U ) = ^\k 2 ,k>j) U (Gal^r x Gal(# 2 ) e ). 
Then E(^ 2 ^KLf) has measure 1 in Gal(PJx) e . We conclude that the 
measure of E = fl^,^,/)^ ^(k 2 ,k: 2 j) is 1. 

Fix a cr £ E and let P = L[cr] K . Let / £ P[X, Y] be absolutely 
irreducible and monic in Y, and let P' be a finite Galois extension of 
P such that f(X,Y) is Galois over P'(X). In particular, / is Galois 
over K S (X). Choose a finite extension K 2 /Ki which is Galois over K 
such that K 2 CPCi and / £ K 2 [X, Y] . Let K 2 be a finite extension 
of K 2 such that PK 2 = P' . Then cr £ Gal(K 2 ) e . Since, in addition, 
cr £ E(^ 2j ^ 2 j), we get that cr £ E',^ K , «. Thus there exist infinitely 

many a £ P such that f(a,Y) is irreducible over P-fT 2 = -f"- So, by 
Proposition 15.21 P is Hilbertian. □ 
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Remark. The proof of Proposition 16.21 actually gives a stronger asser- 
tion: Under the assumptions of the proposition, for almost all cr G 
Gal(Ki) e the field K s [(t\k 1 is Hilbertian over L[cr]x in the sense of 
[2J Definition 7.2]. In particular, if L/K satisfies Condition \Ck\ (this 



holds for example for L = K to t,s from the introduction), then K s [ct]k 
is Hilbertian over L[ct]k- Since this is not the objective of this work, 
the details are left as an exercise for the interested reader. 



Proof of Theorem \l.l\ Let K be a countable Hilbertian field, let e > 1, 
and let L/K be a Galois extension. We need to prove that L[cr]^- is 
Hilbertian for almost all cr G Gal(A) e . 

Let T be the set of finite Galois subextensions K\ of L/K for which 



L/K\ satisfies Condition \£k\ Note that J 7 is countable, since K is. 
Let Q = Gal(A) e , let \i = /iq, and let 

£ = {cr G Q : L[ct]k is Hilbertian}. 

For K 1 eJ r let = Gal(Ai) e and E Kl = Q Kl n E. Note that 

n Kl ={tren:K 1 CL[*] K }. 



By Proposition 16. 2[ //(E^-J = //(fi^) for each Ai. Let 

A := \ (J = {cr e : A'i £ L[cr]^ for all K 1 G J 7 } . 

If cr G A, then L[cr]^/A is small by Proposition ^. 51 so L[<t]k is Hilber- 
tian by Proposition 12.61 Thus, ACS. Since Q = A U [j Kie jr 
Lemma [3.21 implies that 

/i(S) =fi ( (EnA)U |J E Kl J = /i AU |J 

which concludes the proof of the theorem. 
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